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In this paper, we discuss properties of topological spaces with algebraic structures and
answer several problems posed in [A.V. Arhangel’skii, M. Tkachenko, Topological Groups
and Related Structures, Atlantics Press/World Sci., 2008]. We consider a topology on an
inﬁnite discrete group G generated by a free ultraﬁlter p on G and show that this topology
can be Hausdorff in the case when G is the group of integers, even if p is not an
idempotent. Two open continuous homomorphisms f of a paratopological group G onto
a paratopological group H are constructed such that: (a) H is paracompact and the kernel
of f is locally compact, but f is not locally perfect and G is not locally paracompact;
(b) H and the kernel of f are metrizable, but G is not metrizable. We also show that every
ﬁrst-countable ω-narrow semitopological group is separable.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
By a space we mean a Hausdorff topological space if otherwise is not stated explicitly. In this paper, we discuss prop-
erties of topological spaces with algebraic structures and answer several problems posed in [1]. In Section 2, we consider
the topology Tp on an inﬁnite discrete group G generated by a free ultraﬁlter p on G . Suppose that G is an inﬁnite
discrete group, e is the neutral element of G , and p ∈ βG \ G , where βG is the C˘ech–Stone compactiﬁcation of G . Put
Fp = {{e} ∪ A: A ∈ p}. Call a set U ⊆ G open if for every a ∈ U there exists P ∈ Fp such that aP ⊆ U . Then the set of
all open subsets so deﬁned forms a topology Tp on G . It is known that G with this topology is Hausdorff when p is
an idempotent ([1], Theorem 2.2.10). We construct a free ultraﬁlter p on the inﬁnite discrete group Z of integers with
the usual addition and show that the topology Tp on Z can be Hausdorff, even if p is not an idempotent. This answers
Open Problem 2.2.1 in [1]. In Section 3, we consider mappings between paratopological groups. As stated in the abstract,
two open continuous homomorphisms f of a paratopological group G onto a paratopological group H are constructed to
show that some results on topological groups cannot be extended to paratopological groups. These examples answer Open
Problems 3.2.6, 3.2.7 and 3.3.8 in [1]. It is known that every ﬁrst-countable topological group is metrizable. However, this
does not hold for paratopological groups. The Sorgenfrey line is such an example. In this section, a non-metrizable Moore
paratopological group is also constructed, which answers Open Problem 5.7.5 in [1]. In the last section of this paper, we
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countable base ([1], Proposition 3.4.5). It is asked if every ﬁrst-countable ω-narrow paratopological group is separable ([1],
Open Problem 3.4.1). We give a positive answer to this question.
A topological group is a group G with a topology such that the multiplication mapping G × G → G is continuous and
the inverse mapping of G onto itself is continuous. A paratopological group is a group G with a topology such that the
multiplication mapping G × G → G is continuous. A right topological semigroup (left topological semigroup) is a semigroup S
with a topology such that the right action a : x → xa (left action λa : x → ax) of S to itself is continuous for each a ∈ S .
A semitopological group is a group with a topology such that all the right actions and left actions are continuous.
The symbols R, Z, N and Q denote the set of all real numbers, integers, positive natural numbers and rational num-
bers, respectively. The symbol ω denotes the ﬁrst inﬁnite ordinal. The reader may consult [2] and [1] for notations and
terminology not given here.
2. Ultraﬁlters and topologies on groups
A topological space X is extremally diconnected if the closure of any open subset of X is open. An element p of a
semigroup S is called an idempotent if pp = p. Let G be an inﬁnite discrete group and βG the C˘ech–Stone compactiﬁcation
of G . For a free ultraﬁlter p on G , i.e., p ∈ βG \ G , the topology Tp on G is deﬁned as follows.
Theorem 2.1. ([1], Theorem 2.2.11) Suppose that G is an inﬁnite discrete group, e is the neutral element of G, and p ∈ βG \ G. Put
Fp = {{e} ∪ A: A ∈ p}. Call a set U ⊆ G open if for every a ∈ U there exists P ∈Fp such that aP ⊆ U . Then:
(1) the set of all open subsets so deﬁned forms a topology Tp on G such that G, with this topology, is a left topological group;
(2) the space (G,Tp) is extremally disconnected, homogeneous, and satisﬁes the T1 separation axiom;
(3) the space (G,Tp) is dense in itself, that is, there are no isolated points in it.
Let G be an inﬁnite discrete group. Then βG admits a natural structure of a compact right topological semigroup. It is
known that for the semigroup βG , there exists an idempotent p ∈ βG \ G ([1], Theorem 2.2.2). If p is an idempotent on G ,
then the topology Tp deﬁned above is Hausdorff ([1], Theorem 2.2.10). The following Example 2.4 shows that when p is not
an idempotent, the topology Tp can still be Hausdorff. It answers the second part of the following Question 2.2.
Question 2.2. ([1], Open Problem 2.2.1) Let p be a free ultraﬁlter on an inﬁnite discrete group G . When is the space (G,Tp)
constructed above Hausdorff? Can (G,Tp) be Hausdorff when p is not an idempotent?
We need the following lemma.
Lemma 2.3. ([1], Proposition 2.2.4) Suppose that G is a discrete group and p is an idempotent in βG. Then for each A ∈ p, there exists
B ∈ p such that B ⊆ A and for each b ∈ B there exists Cb ∈ p satisfying bCb ⊆ A.
Example 2.4. Let Z be the discrete topological group of integers with the usual addition. Then there exists an ultraﬁlter p ∈
βZ \Z such that p is not an idempotent and the topological space (Z,Tp) is Hausdorff, where Tp is deﬁned in Theorem 2.1.
Proof. For each n ∈N, let Pn = {2n(k + 1): k ∈ ω} and Qn = {2n+k: k ∈ ω}. Put ξ = {Qn: n ∈N}. Obviously, ξ is a ﬁlter base
on Z. Take an arbitrary ultraﬁlter p with ξ ⊆ p. Then p ∈ βZ \Z. For each n ∈N, since Qn ⊆ Pn , we have Pn ∈ p.
Fix any n ∈ N. For each m ∈ Pn ∪ {0}, it is easy to see that m + (Pn ∪ {0}) ⊆ Pn ∪ {0}. By the deﬁnition of Tp , the set
Pn ∪ {0} is an open neighborhood of the neutral element 0 in (Z,Tp). Since (Z,Tp) is a left topological group, the set
z + (Pn ∪ {0}), i.e., {z} ∪ (z + Pn) is an open neighborhood of z for each z ∈ Z.
Claim 1. The space (Z,Tp) is Hausdorff.
Proof of Claim 1. It suﬃces to show that zero element of Z and every integer z = 0 can be separated by disjoint open sets
in (Z,Tp). We split the proof by considering the following two cases.
Case 1. z = 2q + 1 for some q ∈ Z. In this case, put U = P1 ∪ {0} and V = z + (P1 ∪ {0}) = {z} ∪ (z + P1). Then all members
of U are even numbers, and all members of V are odd numbers. Hence, U and V are disjoint open neighborhoods
of 0 and z in (Z,Tp), respectively.
Case 2. z = 2q for some q ∈ Z \ {0}. In this case, take n ∈ N such that 2n > |z|. Let U = Pn ∪ {0} and V = z + (Pn ∪ {0}) =
{z} ∪ (z + Pn). Then U and V are disjoint open neighborhoods of 0 and z, respectively.
The proof of Claim 1 is complete. 
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Proof of Claim 2. Consider the member Q 1 of p. We shall show that for each b ∈ Q 1, there exists no Cb ∈ p such that
b + Cb ⊆ Q 1. Hence, p is not an idempotent by Lemma 2.3.
To see this, take any b ∈ Q 1. Then there exists m ∈ N such that b = 2m . Suppose that b + Cb ⊆ Q 1 for some Cb ⊆ Z.
We shall show that Cb /∈ p. Clearly, Cb ⊆ −b + Q 1, where −b + Q 1 = {−b + 21+k: k ∈ ω}. It is clear that (−b + Q 1) ∩
Qm+1 = ∅, so Cb ∩ Qm+1 = ∅ and Cb /∈ p. The proof of Claim 2 is complete. 
In the following theorem we present conditions under which the space (G,Tp) deﬁned above is Hausdorff.
Theorem 2.5. Let G be an inﬁnite discrete group, e the neutral element of the group G and p ∈ βG \ G an ultraﬁlter on G. Then the
space (G,Tp) deﬁned in Theorem 2.1 is Hausdorff if and only if p contains a ﬁlter base ξ which satisﬁes the following conditions:
(1)
⋂
ξ = ∅;
(2) for each A ∈ ξ and each x ∈ A, there exists B ∈ ξ such that xB ⊆ A;
(3) for each x ∈ G \ {e} there exists A ∈ ξ such that ({x} ∪ xA) ∩ ({e} ∪ A) = ∅.
Proof. Let us prove the suﬃciency. Assume that the ultraﬁlter p on G contains a ﬁlter base ξ satisfying conditions (1)–(3).
Take any A ∈ ξ . It follows from condition (2) that for each x ∈ {e} ∪ A, there exists a B ∈ ξ such that {x} ∪ xB ⊆ {e} ∪ A.
Hence, {e} ∪ A is an open neighborhood of e in (G,Tp) by the deﬁnition of Tp . Since (G,Tp) is a left topological group by
Theorem 2.1, {y} ∪ yA is an open neighborhood of y for each y ∈ G . By condition (3), for each point y = e, y and e can be
separated by disjoint open sets in (G,Tp). Hence, the space (G,Tp) is Hausdorff.
To show the necessity, assume the space (G,Tp) is Hausdorff for some p ∈ βG \ G . Put
ξ = {U \ {e}: U is an open neighborhood of e in (G,Tp)
}
.
Since (G,Tp) has no isolated points, ξ is a ﬁlter base on G . By the construction of Tp , for each open neighborhood U of e,
there exists P ∈ p such that {e}∪ P ⊆ U . Since p is a free ultraﬁlter, we have P \ {e} ∈ p. Hence, U \ {e} ∈ p. Therefore, ξ ⊆ p.
Clearly,
⋂
ξ = ∅ since (G,Tp) is a T1-space by Theorem 2.1.
Take any A = U \ {e} ∈ ξ and any x ∈ A. Since (G,Tp) is a left topological group, there exists an open neighborhood V
of e such that xV ⊆ U . Let B = V \ {e, x−1}. Then B ∈ ξ and xB ⊆ U \ {e} = A. Hence, condition (2) is satisﬁed.
Since (G,Tp) is Hausdorff, for each x ∈ G \ {e} there exists an open neighborhood W of e such that xW ∩ W = ∅. Let
A = W \ {e}. Then, A ∈ ξ and ({x} ∪ xA) ∩ ({e} ∪ A) = ∅. Hence, condition (3) is satisﬁed. 
Question 2.6. Let Z be the discrete topological group of integers with the usual addition. Suppose p ∈ βZ \Z and Tp is the
topology deﬁned in Theorem 2.1. Must (Z,Tp) be Hausdorff?
3. Mappings between paratopological groups
Let f be an open continuous homomorphism of a topological group G onto a topological group H . If H is paracompact
and the kernel of f is locally compact, then f is locally perfect and G is locally paracompact ([1], Theorem 3.2.2 and
Corollary 3.2.6). Moreover, if H and the kernel of f are metrizable, then G is metrizable ([1], Corollary 3.3.20). In this
section, we construct two examples to show that these results on topological groups cannot be extended to paratopological
groups.
First we give an example to answer the following Questions 3.1 and 3.2 in the negative.
Question 3.1. ([1], Open Problem 3.2.6) Let f be an open continuous homomorphism of a paratopological group G onto a
paratopological group H with locally compact kernel. Must f be locally perfect?
Question 3.2. ([1], Open Problem 3.2.7) Let f be an open continuous homomorphism of a paratopological group G onto a
paracompact paratopological group H with locally compact ﬁbers. Must G be locally paracompact?
Example 3.3. There exist a Tychonoff paratopological group G and an open continuous homomorphism f of G onto a
paracompact paratopological group H with locally compact ﬁbers such that G is not locally paracompact and f is not
locally perfect.
Proof. Let G = (R2,+) be the group with the usual pointwise addition. Clearly, G is an Abelian group. We deﬁne a topology
on G by giving a local base at each point in G . For each 〈x0, y0〉 ∈ G and each n ∈N, let Bn(x0, y0) = {〈x, y〉 ∈R2: (x−x0)2+
(y − y0)2 < 1/n2}. Put
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{〈x0, y0〉
}∪ Bn(x0, y0 + 1/n).
Let {Un(x0, y0): n ∈ N} be a local base at the point 〈x0, y0〉. In [4], Kofner showed that the set G with this topology is
Tychonoff. We prove below that the group G with this topology is a paratopological group. It suﬃces to show the addition
is jointly continuous.
Clearly, the neutral element of the group G is the point O = 〈0,0〉. Let Un(O ) be an open neighborhood of the point O .
Consider the open neighborhood U4n(O ) of the point O . We shall show that U4n(O ) + U4n(O ) ⊆ Un(O ). For each 〈x, y〉 ∈
B4n(0,1/(4n)), x2 + (y − 1/(4n))2 < 1/(16n2). Then, for any 〈x1, y1〉, 〈x2, y2〉 ∈ B4n(0,1/(4n)), we have
(x1 + x2)2 + (y1 + y2 − 1/n)2
= (x1 + x2)2 +
[(
y1 − 1/(4n)
)+ (y2 − 1/(4n)
)− 1/(2n)]2
= x21 + 2x1x2 + x22
+ (y1 − 1/(4n)
)2 + (y2 − 1/(4n)
)2 + 2(y1 − 1/(4n)
)(
y2 − 1/(4n)
)
+ 1/(4n2)− (y1 − 1/(4n)
)
/n − (y2 − 1/(4n)
)
/n
 2
(
x21 + x22
)+ 2[(y1 − 1/(4n)
)2 + (y2 − 1/(4n)
)2]+ 3/(4n2)− (y1 + y2)/n
= 2[x21 +
(
y1 − 1/(4n)
)2]+ 2[x22 +
(
y2 − 1/(4n)
)2]+ 3/(4n2)− (y1 + y2)/n
< 2/
(
16n2
)+ 2/(16n2)+ 3/(4n2)− (y1 + y2)/n
= 1/n2 − (y1 + y2)/n 1/n2.
Hence, B4n(0,1/(4n))+B4n(0,1/(4n)) ⊆ Bn(0,1/n). Clearly, if 〈x, y〉 = 〈0,0〉, then 〈x, y〉+U4n(O ) = U4n(O )+〈x, y〉 ⊆ Un(O ).
Hence, U4n(O )+U4n(O ) ⊆ Un(O ). For any a,b, c ∈ G with c = a+ b and each open neighborhood c+Un(O ) of c, take open
neighborhoods a + U4n(O ) and b + U4n(O ) of a and b, respectively. Then,
(
a + U4n(O )
)+ (b + U4n(O )
)= (a + b) + (U4n(O ) + U4n(O )
)⊆ c + Un(O ).
This shows that G is a paratopological group.
Let us show that G is not locally paracompact. Since paracompactness is hereditary with respect to closed sets, we only
need to show that the closure Un(O ) of each basic open neighborhood Un(O ) of the neutral element O of G is not a
paracompact subspace of G . Clearly
Un(O ) =
{〈0,0〉}∪ {〈x, y〉: x2 + (y − 1/n)2  1/n2, y = 2/n}.
Since (Q×Q)∩Un(O ) is a countable dense subset of Un(O ) and (R×{1/n})∩Un(O ) is a discrete closed subset of cardinality
continuum in Un(O ), we know that Un(O ) is not normal by Corollary 2.1.10 in [2]. Hence, Un(O ) is not a paracompact
subspace of G . Thus, G is not locally paracompact.
Let H be the Sorgenfrey line. It is known that the space H with the usual addition is a paracompact paratopological
group. It is clear that the closed subgroup {0} × R of G is topologically isomorphic to H . Deﬁne f : G → H such that
f (x, y) = y for each 〈x, y〉 ∈ G . It is obvious that f is an open continuous homomorphism from G onto H with ker( f ) =
R×{0}. Since R×{0} is a discrete closed subset of G , the kernel of f is locally compact. Since G is a paratopological group,
all the ﬁbers of f are locally compact.
We show that f is not locally perfect. For each n ∈ N, the mapping f restricted on the closure Un(O ) is not a perfect
mapping onto f (Un(O )), since 1/n ∈ f (Un(O )) and f −1(1/n) ∩ Un(O ) is not compact. The proof is complete. 
Now we give another example to answer the following question in the negative.
Question 3.4. ([1], Open Problem 3.3.8) Let f : G → H be an open continuous homomorphism of a paratopological group G
onto a metrizable paratopological group H , and suppose the kernel of f is metrizable. Must G be metrizable?
Recall that a space X is a σ -space if X has a σ -discrete network. A space (X,T ) is a β-space if there is a function
g : ω × X → T such that: (i) x ∈ g(n, x); (ii) if x ∈ g(n, xn) for each n ∈ ω, then the set {xn: n ∈ ω} has a cluster point in X .
It is known that every σ -space is a β-space ([3], Theorem 7.8).
Lemma 3.5. ([5], Corollary 2.1) If G is a ﬁrst-countable Hausdorff paratopological group and a β-space, then G is developable.
Example 3.6. There exist a non-metrizable Moore paratopological group X and an open continuous homomorphism f of X
onto a metrizable paratopological group Y such that the kernel of f is a discrete subgroup of X .
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of G . Hence, X is a paratopological group. Put H = R × {0}. Clearly, Q × Q is a countable dense subset of X and H is
a discrete closed subset of cardinality continuum in X . Hence, X is not normal by Corollary 2.1.10 in [2]. Thus, X is not
metrizable.
We claim that X is a Moore space. For each x ∈ R, the set R× {x} is a discrete closed subset of X . For each r ∈Q, put
Fr = {{〈x, r〉}: x ∈ R}. Clearly, ⋃r∈QFr is a σ -discrete network of X . Hence, X is a σ -space. Therefore, X is a β-space. By
Lemma 3.5, X is developable. Together with the fact that G is Tychonoff, X is also Tychonoff. Hence, X is a Moore space.
Let Y = Q be a subspace of the Sorgenfrey line. Then Y is a paratopological group. Since the space Y has a countable
base, it is metrizable.
Let f : X → Y be a map such that f (a, r) = r for each 〈a, r〉 ∈ X . Obviously, f is an open continuous homomorphism
from X onto Y with ker( f ) = H . Since H is a discrete closed subset of X , H is metrizable. The proof is complete. 
Since the paratopological group X in Example 3.6 is a Moore space which is not metrizable, we also answer the following
question in the negative.
Question 3.7. ([6], Question 3.2 and [1], Open Problem 5.7.5) Is every Moore paratopological group metrizable?
4. Notes on ω-narrow paratopological groups
A semitopological group G is called ω-narrow if, for every open neighborhood V of the neutral element e of G , there
exists a countable subset A of G such that AV = G = V A. It is known that every ﬁrst-countable ω-narrow topological group
has a countable base ([1], Proposition 3.4.5). For paratopological groups, we show that every ﬁrst-countable ω-narrow
paratopological group is separable. This gives a positive answer to the following question.
Question 4.1. ([1], Open Problem 3.4.1) Is every ﬁrst-countable ω-narrow Hausdorff paratopological group separable?
Theorem 4.2. Every ﬁrst-countable ω-narrow semitopological group is separable.
Proof. Let G be a ﬁrst-countable ω-narrow semitopological group and {Un: n ∈N} a local base at the neutral element e ∈ G .
First we construct a countable subgroup H of G such that for each n, HUn = G . For each n ∈N, take a countable subset
An ⊆ G such that AnUn = G . Put Cn = An ∪ A−1n ∪ {e} and C =
⋃∞
n=1 Cn . Then Cn and C are countable symmetric subsets
of G . Put H =⋃∞k=1 Ck . Then H is a countable subgroup of G satisfying HUn = G for each n ∈N.
We claim that H is dense in G . To see this, let U be an arbitrary non-empty open subset of G . Fix a point x ∈ U .
Then there exists an open neighborhood Un of e such that Unx ⊆ U . Since HUn = G , we have HUnx = Gx = G . Hence,
(HUnx) ∩ H = ∅. Take h1,h2 ∈ H and y ∈ Un such that h1 yx= h2. Then yx = h−11 h2 ∈ H , since H is a subgroup of G . Hence,
yx ∈ (Unx) ∩ H ⊆ U ∩ H . The proof is complete. 
Corollary 4.3. Every ﬁrst-countable ω-narrow paratopological group is separable.
We recall that the cellularity of a space is the minimal inﬁnite cardinal κ such that every family of pairwise disjoint
open sets has cardinality less than or equal to κ . Clearly, the cellularity of each separable space is countable.
Corollary 4.4. The cellularity of each ﬁrst-countable ω-narrow paratopological group is countable.
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